Integration of vector fields on smooth 
and holomorphic supermanifolds 



Stephane Gamier 

Fakultat fiir Mathematik 
Ruhr-Universitat Bochum 
D-44780 Bochum, Germany 
Stephane . GarnierOrub . de 

and 

Tilmann Wurzbacher* 

LMAM-UMR 7122 
Universite de Lorraine et 
C.N.R.S. 
F-57045 Metz, France 
wurzbacherOmath . univ-metz . f r 

January 1, 2013 

Keywords: Supermanifolds; Vector fields; Flows; Group actions 
MSC2010: Primary 58A50, 37C10; Secondary 57S20, 32C11 

Abstract 

We give a new and self-contained proof of the existence and unicity 
of the flow for an arbitrary (not necessarily homogeneous) smooth vector 
field on a real supermanifold, and extend these results to the case of 
holomorphic vector fields on complex supermanifolds. Furthermore we 
discuss local actions associated to super vector fields, and give several 
examples and applications, as, e.g., the construction of an exponential 
morphism for an arbitrary finite-dimensional Lie supergroup. 

1 Introduction 

The natural problem of integrating vector fields to obtain appropriate "flow 
maps" on supermanifolds is considered in many articles and monographs (com- 
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pare, e.g., [T7], [2], [IH], Q3] and [3]) but a "general answer" was to our knowl- 
edge only given in the work of J. Monterde and co-workers (see [H] and [13]). 
Let us consider a supermanifold M = (M,Om) together with a vector field 
X in Tm(M), and an initial condition cj) in Mor(<S, M), where S = (S,Os) is 
an arbitrary supermanifold and Mor(5, M) denotes the set of morphisms from 
S to M. The case of classical, ungraded, manifolds leads one to consider the 
following question: does there exist a "flow map" F defined on an open sub 
supermanifold V C R 1 ' 1 x5 and having values in M and an appropriate deriva- 
tion on R 1 ' 1 , D = dt + d T + r(ad t + bd T ), where d t = Jj, d T = and a, b are 
real numbers, such that the following equations are fulfilled 

DoF* = F* o X 

^ oin j{0}x5 = </>■ 

Of course, V should be a "flow domain", i.e. an open sub supermanifold of 
R 1 ! 1 x S such that {0} x S is contained in the body V of V and for x in S, the 
set I x C R defined by I x x {x} — (R x {x}) PI V is an open interval. Furthermore 
mj{ , [) } XiS denotes the natural injection morphism of the closed sub supermani- 
fold {0} x S of V into V. Of course, we could concentrate on the case S = A4 
and 4> = id.M , but it will be useful for our later arguments to state all results in 
this (formally) more general setting. 

Though for homogeneous vector fields (X = Xq or X = X\) system does 
always have a solution, in the general case (X = Xq + Xi with Xq ^ and 
X\ 7^ 0) the system is overdetermined. A simple example of an inhomogeneous 

vector field such that ( 1 ) is not solvable is given by X = X +Xi = (^J^ + + 

(j| 011 = T ne cruc i a l novelty of [13 is to consider instead of 

(flj) the following modified, weakened, problem 



( m jR )* ° Do F* = (m§-yoF*oX 

4 

where inj R = inj Rx5 is again the natural injection (and where the above 

more general derivation D could be replaced by d t + d T since (inj^ ' )* annihi- 
lates germs of superfunctions of the type r • /, / G Orxs)- 



(2) 

Foin j{ ; 0}x5 = 4>, 



In [T3] (making indispensable use of [T2]) it is shown that in the smooth case ([2| 
has a unique maximal solution F, defined on the flow domain V = (V, C R i|i x5 |y), 
where V C JF^x S is the maximal flow domain for the flow of the reduced vector 
field X = Xq on M with initial condition </>. Since the results of [12] are ob- 
tained by the use of a Batchelor model for J\4, i.e. a real vector bundle E — > M 
such that A4 = (M, T^ E , ), and a connection on E, we follow here another road, 
closer to the classical, ungraded, case and also applicable in the case of complex 
supermanifolds and holomorphic vector fields. 
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Our new method of integrating smooth vector fields on a supermanifold in Sec- 
tion 2 consists in first locally solving a finite hierarchy of ordinary differential 
equations, and is here partly inspired by the approach of [3], where the case 
of homogeneous super vector fields on compact supermanifolds is treated. We 
then show existence and unicity of solutions of |2]) on smooth supermanifolds 



and easily deduce the results of [13 from our Lemmata 2.1 and 2.2 



A second beautiful result of T3] (more precisely, Theorem 3.6 of that reference) 
concerns the question if the flow F solving ([2| fulfills "flow equations" , as in the 
ungraded case. Hereby, we mean the existence of a Lie supergroup structure 
on IR 1 ' 1 such that J 7, is a local action of R 1 ' 1 on M. (in case S = M, <f> = id^(). 
Again, the answer is a little bit unexpected: in general, given X and its flow 
f : R 1 ! 1 xM D V^M, there is no Lie supergroup structure on R 1 ! 1 such that 
J 7, is a local R 1 ^-action (with regard to this structure). The condition for the 
existence of such a structure on IR 1 ' 1 is equivalent to the condition that ^ holds 

without the post-composition with (inj^ ' )*, i.e. the overdetermined system |l]) 
is solvable. Furthermore, both conditions cited are equivalent to the condition 
that RX © RXi is a sub Lie superalgebra of Tm (M) , the Lie superalgebra of 
all vector fields on A4. 

After discussing Lie supergroup structures and right invariant vector fields on 
R 1 ' 1 , as well as local Lie group actions in the category of supermanifolds in 
general, we show in Section 3 the equivalence of the above three conditions, 
already given in |13j . We include our proof here notably in order to be able to 
apply it in the holomorphic case in Section 5 (see below) by simply indicating 
how to adapt it to this context. Let us nevertheless observe that our result is 
slightly more general since we do not need to ask for any normalization of the 
supercommutators between X\ and Xq resp. X±, thus giving the criterion some 
extra flexibility in applications. 

In Section 4, we give several examples of vector fields on supermanifolds, homo- 
geneous and inhomogeneous, and explain their integration to flows. Notably, we 
construct an exponential morphism for an arbitrary finite-dimensional Lie super- 
group, via a canonically defined vector field and its flow. We comment here also 
on the integration of what are usually called "(infinitesimal) supersymmetries" 
in physics, i.e., purely odd vector fields having non- vanishing self-commutators. 

Finally, in Section 5 we adapt our method to obtain flows of vector fields (com- 



pare Section 2 and notably Lemma 2.1 1 to the case of holomorphic vector fields 



on holomorphic supermanifolds. To avoid monodromy problems one has, of 
course, to take care of the topology of the flow domains, and maximal flow 
domains are -as already in the ungraded holomorphic case- no more unique. 
Otherwise the analogues of all results in Section 2 and 3 continue to hold in the 
holomorphic setting. 
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Throughout the whole article we will work in the ringed space-approach to 
supermanifolds (see, e.g., [5], [TU] , [H] and [TH] for detailed accounts of this 
approach). Given two supermanifolds M = (M,Om) and N = (N,Oj^), 
a "morphism" 4> = 4 1 *) '■ M. — > W is thus given by a continuous map 
4> : M —> N between the ^'bodies" of the two supermanifolds and a sheaf ho- 
momophism (ff : Oj^ — > <f>*0_M- The topological space M comes canonically 
with a sheaf — Om I J ■> where J is the ideal sheaf generated by the germs 
of odd superfunctions, such that (M, C^) is a smooth real manifold. Then <j> 
is a smooth map from (M, Cf}) to (N,C^). Let us recall that a (super) vector 
field on M. = (M, O^vi) is, by definition, an element of the Lie superalgebra 
Tm(M) = (DerR(Ox))(M) and that X always induces a smooth vector field 
X on (M,Cg). For p in M and f + J p e (C$) p = (O m /J) p one defines 
-^p(/ + Jp) = X (f)(p), where X is the even part of X and for g 6 (0vw)p, 
</(p) € IR is the value of g in the point p of M. 

2 Flow of a vector field on a real supermanifold 

In this section we give our main result on the integration of general (i.e. not nec- 
essary homogeneous) vector fields by a new method, avoiding auxiliary choices 
of Batchelor models and connections, as in [T2]. Our more direct approach is 
inspired, e.g., by [3J, where the case of homogeneous vector fields on compact 
manifolds is treated, and it can be adapted to the holomorphic case (see Section 
4). 

For the sake of readability we will often use the following shorthand: if V is 

rp 1 1 1 |p X j 1 'TJ 

a supermanifold, we write inj K for inj RxV . Furthermore, the canonical 
coordinates of R 1 ' 1 will be denoted by t and r, with ensueing vector fields 

9 t = m andd r = w- 

Lemma 2.1. Let U C R m|n and W C R p| « be superdomains, X £ T W (W) be 
a super vector field on W (not necessarily homogeneous) and 4> G Mor(lA,W), 
and to £ R. Let furthermore H : V — > W be the maximal flow of X € X(W), 
i.e. dt o H* = H* o X , subject to the initial condition H(to,-) = <p : U — > W . 
Let now V be (V, Cri|i x wI^) and (t,r) the canonical coordinates on IR 1 ' 1 , then 
there exists a unique F : V — > W such that 

(inj If 1 )* o (d t +d T )oF* = (inj® 111 )* oF* oX and (3) 
Fom jJt }xU = <f>- ( 4 ) 

Moreover, F : V — > W equals the underlying classical flow map H of the vector 
field X with initial condition 4>. 

Proof. Let (uf) — (xi,^ r ) and (wj) — (yj,rj s ) denote the canonical coordinates 
on R m l" and R p ' 9 , respectively. Then there exist smooth functions a 3 j € C^(W) 
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such that 

p+q / \ 

*=E E4(2/V )9 Wj , 



where J = (fix, . . . ,f3 q ) runs over the index set {0, l} 9 and r\ J = rf a s . We 

s=l 

then have, of course, 

X ° = E( E 4(y>/]^resp. ^=El E 4(tf)'/ J I d ™r 

Here, |J| equals /?! + •• mod 2 and is the parity of the coordinate func- 
tion Wj. The morphism F determines and is uniquely determined by functions 
fj ,g> € Cg° xRm (V) fulfilling for each j G {1, . . . ,p + q} 

F*( Wj )= J2 E nifrxy? 

\i\=\w s \ \i\=M+i 

(and fj = if |/| ^ g\ = if |/| 7^ |uij| + 1) as is well-known from the 
standard theory of supermanifolds (compare, e.g., Thm. 4.3.1 in [20]). Here 
and in the sequel I = (ai, . . . , a„) is an element of the set {0, l} 71 and £ J stands 
for the product ■ £2 2 ■ ■ The notation |7| again denotes the parity of I, 

i.e. |/| = otx + • • • + ot n mod 2. 

Equation ^ is equivalent to the following equations: 

(mj^'Yo^oF* = (injfYoi^oXo (5) 
(mjf {1 )*od T oF* = (mjt ll )*oF*oXx (6) 

Applying ^ to the canonical coordinate functions on W, we get the following 
system, which is equivalent to ([5]): 

E d tfi-^= E F*( a j)F*(V J ) for all j in {1, . . . , p + q}, (7) 

\I\=\ Wj \ \J\=\wj\ 

and ^ is equivalent to 

E E ^*(«S)^('? J )foralljin{l,...,p + g}, (8) 

\I\ = \ Wj \+l \J\=\ Wj \+l 

where F := F o inj ^ : V := (V, C K 

xw|y) VV. Let us immediately observe 
that the underlying smooth map of F equals F, the smooth map underlying the 
morphism F. 

Moreover the initial condition Q is equivalent to 

E f}(to,x)e = ^(w j )hv all j in {1,..., p + q}. (9) 

m=Ki 



5 



We are going to show that ([7j) and (|9j) uniquely determine the functions fj on 
V , i.e. the morphism F. Then the functions g\ are unambiguously given by 
on V, and the morphism F is fully determined. 

Let us develop Equation ^ for a fixed j: 

E Wi-Z 1 = E F*(4)f[F*( Vs f« (10) 

|/| = KI \JHv>j\ »=i 

J=(ft,...,/3„) 

and thus E Mi-? = E F*(4)f[(Y,f P L +S A (U) 

|J|=KI 1^1 = 1^1 s =l \|i|=l / 

J=(^ 1 ,...,/3„) 

For fixed j this is an equation of Grassmann algebra-valued maps in the vari- 
ables t and x that can be split in a system of scalar equations as follows. For 
K = (oti, . . . ,a n ) € {0, 1}™, we will denote the coefficient Hk in front of ^ K 
of a superfunction h = ^2 M I%M(t,x){; M S Rm +i|„ compactly by {h\£ K ) in the 
sequel of this proof. 

Let us first describe the coefficients for F*(a^j) in (ll| ): 

(F*(a j I M K )=0 if |tf| = l (12) 

and, if \K\ = 0, 

{F*{a? J )\t K ) = ai J oF if AT= (0 0), 

and 

p 

(F*(4)|£ K ) = EK*4)(^M) " /& + * (4» (/;),,deg(I)<deg(K)) (13) 

if deg(if) > 0. 

Here for I = (ai, . . . , a n ), deg(7) = ai + • • • + a n , and -more importantly- R — 
Rj,j,K is a polynomial function in a? 1 and its derivatives in the y- variables up to 
order q included, and in the functions < v < p + q 7 < deg(I) < deg(K)}. 

Equation ( 12 ) is obvious since a j is an even function, whereas equation ( 13 1 
can be deduced from standard analysis on superdomains. More precisely, let a 
be a smooth function on RP and i\> : R m + 1 l™ -> Rp\i morphism (of course to be 
applied to a = a J j, if) — F). Then we can develop ip*(a) as follows (compare the 
proof of Theorem 4.3.1 in [2"0"]): 

r(a) = E^(M(r(yi)>--M^(%))-n(^(^)-v ; *W) 7 '' 



M 
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\ E {d v ,d y ^a)m, X ))-( y: ji -r' ) • ( E /m-^ m " 

where ^ fu ' £ M = ^*(Vn) ~ ^{Vn) witn /m depending on t and x. We 

observe that the last RHS is a finite sum since we work in the framework of 
finite-dimensional supermanifolds. 

In order to get a contribution to (tp* (a)\^ K ) we can either extract f£ from the 
"linear term" or from products coming from the higher order terms in the above 
development. Thus 

^* (a)\Z K ) = E «) W*. *)) • /& + ^(O, (// ),,deg(I)<deg(K) ), 
M=l 



where i? is a polynomial as described after Equation (13 1. 

Furthermore, for an element J = (/3i, . . . , f3 q ) with | J| = Owe have for deg(X) > 




/ 



n e #v 

s=l \\L\ = 1 



H = #((/IWo<deg(K)). (14) 



And for an element J = (fix, . . . , f3 q ) with | J\ = 1 we get for deg(K) > 



n E ffe 

8=1 \ |L|=1 



/a' +-R ((//)i,deg(J)<deg(if) > 

if deg( J) = 1 and I e {1, . . . ,q} 
such that /3 S — S s .i Vs, 

((/j)j',deg(/)<deg(K) i 

[ ifdeg(J) > 1. 



(15) 



Obviously, the coefficient of £ K of the LHS of Equation (pzj) is given by 

for 1 < j < p + q. 



E 



y l o if|A-| = K-i+i 



Taking into account the above descriptions of the £ -coefficients, we will show 
the existence (and uniqueness) of the solution functions {fj |1 < j < p + q, I G 
{0, 1}"} for (t,x) e V by induction on deg(/) and upon observing that all or- 
dinary differential equations occuring are (inhomogeneous) linear equations for 
the unknown functions. 

Let us start with deg(7) = that is / = (0,---^,0). The "0-level" of the 
equations (hlj) and fcl is d t f^ ... 0) = a ( ,... , ) ° F and f(o.- ,o)( f 0> x ) = Hi ° 
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4>{x) for all j such that \wj\ = 0. We remark that fL ^ is simply yj o F and 
is X(yj). Thus F is the flow of X with initial condition (/> at t = to, 



a 



{o,-J>) 

i.e., F = H on V. Thus the claim is true for I = (0, • • ■ ,0). 

Suppose fc > and that the functions j\ are uniquely defined on V for all j and 
all / such that deg(J) < k. Let K be such that deg(K) — k. Let us distinguish 
the two possible parities of k in order to determine f 3 K for all j. Recall that 
fL = if the parities of K and j are different. 

If k is even, i.e., \K\ = 0, we only have to consider j such that \wj\ — 0. Putting 

\ 



( 13 ) and ( 14 1 together, we find in this case 
( < I 

s=l \|L| = 1 



|J|=0 
\J=(Px,...,M 



K 



J 



( 



. deg(J)=0 
\7=(/3 1 ,...,/3,) 



s=l \\L\=1 



E ^)II 

8=1 \|i|=l 



|J|=0 
deg(J)>0 
J=(Pl,...,0 q ) 



iK 



F*(a> 



(0,-,0) 



)+ E ^(4)11 E/r^ 



|J|=0 
deg(J)>0 



s=l \|L|=1 



E 

M=l 



°V U ((V 



•,Q) 



° F ) /k + R ( J) (// kdcg(/)<dcg(K) 



Moreover, the initial condition gives f 3 K (ta, x) — (<p*(yj)\£ ), for all j in {1, . . . ,p} 
Since the a°j are the (given) coefficients of the vector field X and the functions 
fj with deg(I) < k are known by the induction hypothesis, we have a unique 
local solution function f 3 K . Since the ordinary differential equation for f 3 K is 
linear its solution is already defined for all (t, x) £ V. Thus in the case that k 
is even f 3 K is unambiguously defined on V for all j € {1, . . . ,p + q} and for all 
K with deg(K) = k. 
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Now, if k is odd, i.e., \K\ = 1, we only have to consider j such that \wj\ = 1. 
Using (13) and (15), we find in this case: 



dtf 



K 



( 



0, 



E ^(4)11 E/r^ 



IJI=1 



8=1 \ |L|=1 



\ 



E H4)n E/n f 

8=1 V |L| = 1 



deg(J) = l 
\J=G8i,...A) 



E ^(4)11 E/r^ 

8=1 V |L| = 1 



1-71=1 
deg(J)>l 

j=(Pu-M 



\ 



».K 



E^*(«k 



jii=i 



/3. 



E ^(4)11 E/r^ 1 

|J| = 1 8=1 \|£|=1 

dcg(J)>l 



iK 



E K 



v,deg(I)<deg(K) 



Moreover, the initial condition gives 



f K (t , x) = (r(wM K ) for ^1 j in {p + 1, . . . ,p + q}. 

It follows as in the case of \K\ = 0, that f 3 K exists uniquely for all (t, x) G V, 
for all j G {1, . . . ,p + g} and for all K with deg(X) = k. 

We conclude that the functions {fj | 1 < j < p + q,I G {0, 1}"} are uniquely de- 
fined on the whole of V. Since the {gj\l < j < p+<Z, J G {0, 1}™} are determined 
by Equation ^ from the < j < p + q} via comparison of coefficients, the 

morphism F : V — > W is uniquely determined. □ 



We now consider the global problem of integrating a vector field on a super- 
manifold. In order to prove that there exists a unique maximal flow of a vector 
field, the following lemma will be crucial. 
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Lemma 2.2. Let M. = (M,Om) an d S = (S,Os) be supermanifolds, X a 
vector field in Tm(M) and <j> in Mor{S , M) . Then 

(i) there exists an open sub supermanifold V = (V,O k hi xS \v) o/R 1 ' 1 xS with 
V open inR x S such that {0} x S C V and for all x in S, (R x {x}) n V 
is an interval, and a morphism F : V — > M. satisfying: 



(injl )*o(d t +d T )oF* 
Fom i{o}xs 



(inj 



o F* o X and 



(16) 
(17) 



(ii) Let furthermore F\ : Vi 
W and ffljH where V, 



> M. and F% : V2 — >• M. be morphisms satisfying 
(Vi,0 K i\i x s\vi) with Vi open in R x S such that 
{0} x S C Vi and for all x in S , (R x {x}) D Vi is an interval, for i = 1,2. 
Then F 1]Vl2 = F 2 \ Vl2 on V 12 = {V 12 ,O r ih xS \ Vi2 ), where V 12 = Vi n V 2 . 

Proof, (i) Let <f> : S — > M denote the induced map of the underlying classical 
manifolds. Given now s in S and coordinate domains U s of s and W s o f (f>(s), 



isomorphic to superdomains li s C R m l™ resp. VV S C R p ' q , by Lemma 2.1 we get 



solutions of (16) and (17) near s (upon reducing the size of IA S if necessary): 

R 1 ' 1 x S Z) R 1 ' 1 x U s D V s W s C M. If V S1 n V S2 ^ (compare Figure 1) 
we know, again by Lemma 2.1 that F Sl and F S2 coincide on this intersection. 
Thus, by taking the union V of V s for all s in S, we get a morphism F : R 1 ' 1 x S D 
V 



M such that f, Vs = F s for all s, and fulfilling (16) and (17 1 




Figure 1 

(ii) We define A as the set of points (t, x) £ V\ 2 such that there exists e = 
€ (t,x) > and U — U(t, x ) an open sub supermanifold of S, such that its body U 
contains x and for V = V (M) = (V( t)a .),0 R i|i xS ) = (] - e,t+ e[xU,0 R m xS ) we 
have Fi\\> — F^ty. Of course, if t < the interval will be of the type ]t — e, e[ 
(See Figure 2). The claim of the Lemma is now equivalent to A = V\ 2 . The set 
A is obviously open. 
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Figure 2 



By an easy application of Lemma 2.1 A contains {0} x S. The assumptions 
imply that for all x € S, the set I x C R, defined by (R x {a;}) n Vj.2 = I X X {%}, is 
an open interval containing 0. The definition of A implies that the set J x C I x 
such that (R x {x}) <~) A = J x x {x} is an open interval containing as well. 
Assuming now that A 7^ V12, then there exists a point (t, ato) € Vts\A such 
that J xo 7^ I Xo . Without loss of generality we can assume that t > and that 
for < t' < t, (t',xo) £ A. Let Uq be an open coordinate neighborhood of 
x in S and S > such that, with V :=]t - S,t + 6[xU C V 12 , H(V ) C W, 
where W = (W, Om\w) is a coordinate patch of M. Choose t &}t — S, t[. Then 
(to, Xo) € A and thus there exists e > and U an open sub supermanifold of 
Uq = (Uo,Os\u a ) containing xq such that 



|v 



F 2 i v , where V =] - e,t + e[xR°l 1 x U C V12. 



(18) 



On V =]i - S,t + 5[x 1R ! 1 x U C Vi 2i _Fi and are defined and for % = 1,2 
the maps o mjy to i xW coincide by (18) (Compare Figure 3 for the relative 
positions of the underlying topological spaces of these open sub supermanifolds 
of IR 1 ! 1 x S). 




Figure 3 
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By Lemma 2.1 we have -Fiiy = i*2iy- Thus F\ = F2 on VUV', and we conclude 
that (t,xo) £ A. This contradiction shows that V12 = A. □ 



Remarks. (1) Obviously, Lemma 2.2 holds true for an arbitrary t £ R replac- 
ing t = 0. 

(2) Let us call a "flow domain for X with initial condition (j> £ Mor(5, M) (with 
respect to t £ R)" a domain V C R 1 ' 1 x 5 such that {t } x S C V and for all 
s in S, (R x {s}) n V is connected, i.e. an interval (times {s}) and such that 
a solution F (a "flow") of (16) and (17) exists on V. By the preceding lemma 
there exists such "flow domains" . 

Theorem 2.3. Let Ai and S be supermanifolds, X be a vector field inTM(M), 
4> in Mor(S , M) and to in R. Then there exists a unique map F : V — > M. such 
that 

{inj If 1 )* o (d t +d T )oF* = (inj jf 1 )* o F* oX and 
Foin ^t„}xs = </>> 

where V = (V, CriiixwIv) * s the maximal flow domain for X with the given 
initial condition. 

Moreover, F : V — > M is the maximal flow of X £ X(M) subject to the initial 
condition cp at t = to. 



Proof. The proof of the theorem follows immediately from the Lemmata 2.1 



and |2.2[ upon taking the union of all flow domains and flows for X as defined 
in the preceding remark. □ 



3 Supervector fields and local R 1 ' 1 -actions 

Given a vector field on a classical, ungraded, manifold, the flow map F (for 
S = M, <f) = idjvf) is always a local action of R with its usual (and unique up 
to isomorphism) Lie group structure, the standard addition. The flow maps for 
vector fields described in the preceding section (taking here S — M, (j> = idjvf), 
do not always have the analogous property of being local actions of R 1 ' 1 with 
an appropriate Lie supergroup structure. Two characterizations of those vector 
fields X = Xq +X\ that generate a local R 1 ' 1 -action were found by J. Monterde 
and O. A. Sanchez- Valenzuela. We will give in this section a short proof of a 
slightly more general result, whose condition (iii) seems to be more easily ver- 
ified in practice than those given in [13] (compare Thm. 3.6 and its proof there). 

Let us begin by giving a useful two-parameter family of Lie supergroup struc- 
tures on the supcrmanifold R 1 ' 1 and their right invariant vector fields. 
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Lemma 3.1. Let a and b be real numbers such that a ■ b = and fi a ^ = [i : 
Ri|i x IR 1 ! 1 -> IR 1 ! 1 be defined by 

M(*i)*2) = h+h, 

fJL*{t) = t 1 +t 2 +aT 1 T 2 , 

fi*(r) = T 1 +e Hl T 2 

Then 

(i) there exists a unique Lie supergroup structure on R 1 ! 1 such that the multi- 
plication morphism is given by fi a ^, 

(ii) the right invariant vector fields on (IR 1 ' 1 , fJ, a ,b) are given by the graded vector 
space RD © RDi , where 

D := dt + b ■ rd T and D\ := d T + a ■ rd t , 

and they obey [Do, -Do] = 0, [D ,Di] = — bDi and [Di,Di] = 2aD . 

Proof. The first assertion follows by an easy direct verification. 

Let now Z be a vector field on IR 1 ! 1 , then there exist a, /3, 7, r\ € Cg°(IR) such 

that Z = Z a + Zi where Z — ad t + f3rd T and Z x — 7<9 T + rjrd t . 

Recall that Z is a right invariant vector field if Z fulfills the following condition: 

Ii* o Z = [Z ® id) o fj,*. 

Remark that this condition can be split into the following two conditions: 

fi* o Zo = (Z <g> id) o 11* and fi* o Z\ = [Z\ <g> id) o /j,*. 

Thus, if Z is a right invariant vector field, the functions a, (3, 7, 77 are character- 
ized as follows: 

H* o Z {t) = [i* (a) = a(ti +t 2 ) + act' (ti +t 2 )TiT 2 , 

(Z ®id)o fjL*(t) = (Z Q <g> id) (h <g> 1 + 1 ®t 2 + an ®r 2 ) 

= Z (*i) <g> 1 + Z (l) <g> i 2 + oZo(n) <g> r 2 
= a(ii) + a/3(*i)TiT 2 

Consequently a is a constant and a ■ /? = 0. Similarly, 

M *oZ (r) = M *(/3r) 

= G9(ti + t 2 ) + atfih + t 2 ) Tl T 2 ) • (n + e Wl r 2 ) 
= /3(ti+t2)ri+/3(t 1 +i 2 )e htl T 2 , 

(Z <g> id) o M * (r) = (Z <g> id) (n O 1 + e btl <g> r 2 ) 
= Z (ri)® 1 + Z (e btl )®T 2 
= l3(t 1 )T 1 +a-be btl T 2 , 
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implying that /3 is a constant and b ■ a = f3. For the odd part we find 

(Zx ®id) ofj,*(t) = (Z 1 ®id){t 1 ®l + l®t 2 + aT 1 ®T 2 ) 
= rj{h)Ti + a^{tx)r 2 . 

Thus 77 is a constant and a ■ e~ btl • 7 ~ rj. Finally, 

11*°Z x (t) = fi*(j)=-f(t 1 +t 2 )+aj , (t 1 +t 2 )T 1 T 2 , 

(ZigidJo/i'tT) = 7(ii)+?/(ii)^ btl nr 2 , 



thus 7 is a constant and b • r\ = 0. 



Since a • = 0, it suffices to consider the cases a = and b = 0. If a = 0, we 
have ivo = ac>t + bard r = aDo and Zi = ~fd t = jD\ where ajeR. If b = 0, 
we have = ac^ = aDo and Zi = 7(? T + a^rdt — 7-Di where a, 7 are real 
numbers. Reciprocally, in both cases, Z is a right invariant vector field. □ 

Remarks. (1) It can easily be checked that the above family yields only three 
non-isomorphic Lie supergroup structures on R 1 ' 1 , since (IR 1 ' 1 , /i a ,o) with a =/= is 
isomorphic to (R 1 ' 1 , /ii.o) and (IR 1 ' 1 , A*o,b) with b ^ is isomorphic to (R 1 ' 1 , /J-o.i ) 
and the three multiplications /xo,Oj A*i,o an d M0.1 correspond to non-isomorphic 
Lie supergroup structures on IR 1 ! 1 . Nevertheless it is very convenient to work 
here with the more flexible two-parameter family of multiplications. 
(2) In fact, all Lie supergroup structures on IR 1 ' 1 are equivalent to /io,o, Mi,o or 
jUo,i< See, e.g., 0] for a direct approach to the classification of all Lie supergroup 
structures on IR 1 ! 1 . 

Definition 3.2. Let Q = (G,Og) resp. Ai = (M,Om) be a Lie supergroup 
with multiplication morphism \i and unit element e resp. a supermanifold. A 
"local action of Q on M. " is given by the following data: 

a collection IT of pairs of open subsets tt = (U^, W„) of M , where is relatively 
compact in W w , with associated open sub supermanifolds C C M. such 
that \U^\k € 11} is an open covering of M, and for all tt in II an open sub 
supermanifold Q n C Q , containing the neutral element e and a morphism 

fulfilling 

(1) <Tv o (e x idu^ ) = idjj^ , where e : {pt} — » Q is viewed as a morphism, 

(2) o (fi x idw) = o (idg x , where both sides are defined, 
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(3) if u„ n u v . ^ 0, $ w = «v on (g„ nff^x (w ff n Z40 . 

Proposition 3.3. Let Q = (G,Gg) resp. A4 = (M,Om) be a Lie supergroup 
resp. a supermanifold. Then 

(i) a localQ-action onM., specified by a setH and morphisms {(U^, W^, Q n , 3>-k)\tt € 
IT}, gives rise to an open sub supermanifold V C Q x Ai containing {e} x M. 

and a morphism $y : V — > M such that 

$ v ° (A* x «*m) =*v° {idg x $ v ) , (*) 
where both sides are defined and such that 

= $ v on (g n x u w ) n v, Vtt e n, (**) 

(ii) an open sub supermanifold V C Q x M containing {e}xjVl and a morphism 
$ : V — > M such that Q) is fulfilled, where it makes sense, yields a local 
Q-action on M such that (**) holds. 

Proof. As in the classical case of ungraded manifolds and Lie groups. □ 

Theorem 3.4. Let M be a supermanifold, X a vector field on M. and V C 
R 1 ' 1 x Ai the domain of the maximal flow F : V — > A4 satisfying 

{inj Jf 1 )* o (d t +d T )oF* = (inj jf 1 )* o F* oX and 
Foin i\o}xM = id M- 
Let a and b be real numbers. Then the following assertions are equivalent: 
(i) the map F fulfills 

(d t + d T + r(ad t + bd T )) o F* — F* o X, 

(ii) the map F is a local (R 1 ' 1 , \i a jf)-action on M, 

(Hi) RXo©RXi is a sub Lie superalgebra o/7jw(M) with commutators [Xq,X\\ = 
-bXx and[X 1 ,X 1 ]=2aX . 

Proof. Recall that F fulfills 

(mjf'yodtoF* = (inj^'yofoXo and 
(mjCyodroF* = (i^fyoF*oX x . 

Denoting the projection from R 1 ' 1 to R by p, we have 



id^m = p* ° (inj $ )* + r • p* o (inj r )* o d T 
which we will write more succinctly as 

idSm = (uyD'+r-NrroSr- (19) 
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Using relation ( 19 ) and the equations fulfilled by F* we get 

F*oX = (inj V oF* oX + r- (inj jf' 1 )* o3 T ofo X 



(inj 



(ft + ft) o F* + t ■ (inj I )* o F* o X l o X 



(inj f')*o{d t +d T )oF* 
r-(inj l 1]1 )*oF* f[X 1 ,X ]+X oX 1 + ^[X 1 ,X 1 ] 



Since 



(inj I fofolool! = (inj R )*o9 t oF*oX 1 

= ft o (inj froFol! 

= d t od T o F* 

= ftoftoF*, 



we arrive at 
F* o X 



(inj « )*o(ft+a r )oF* + 

r • F* ([X U X ] + -[X^Xt] ) ! r - ft o o ft . (20) 



On the other hand, if a and 6 are real numbers, we have, again using ( 19 ) 

(ft + ft + r(ad t + bd T )) o F* 

'(inj f *)* + r • (inj f *)* ° ft) o (ft + ft) o F* 



+r • [a ■ (inj « ' )* o ft + 6 • (inj g ' )* o ft ) o F* 

(inj f *)* o (ft + ft) o F* + r • ft o ft o F* 
+t • F* o (fll + 6X1) . 



Thus we have 



(ft + ft + T (ad t + bd T )) o F* - F* o X 

= t ■ F* o UXq - JTJ + bX l - [X^Xo] 



(21) 



Since F satisfies the initial condition (inj 



v 

{0}xM' 



' o F* = id_/n , r ■ F* is injective 



and thus Equation (21 1 easily implies the equivalence of (i) and (Hi). 

We remark that, in this case, we automatically have a ■ b = since the Jacobi 
identity implies that [Xi,[Xi,Xi]] = [[Xi, Xi], Xi]+(-l) 1 ' 1 [Xi, [X^X^], i.e., 2a- 
b-Xx = [X 1 ,[X 1 ,X 1 ]]=0. 
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Assume now that a and b are real numbers such that (i) satisfied, and let 
fi = [i a b be as in Lemma 3.1 We have to show that F is a local action of 

(R 1|x ,m)- 

Let us define 



G :=Fo (id R i|i x F) : 



xM)^M 



and 



H := Fo(fix id M ) : (R 1 ' 1 x R 1 ' 1 ) x X = R 1|x x (R 1 ' 1 x M) -)• M. 



In order to prove that F is a R 1 ' 1 -action on, we have to show that G = H. 
We observe that G is the integral curve of X subject to the initial condition 
F € Moi^R 1 ' 1 x M,M). 

Let us prove that the morphism H satisfies the following conditions: 



(inj 



0* o (d tl + d Tl ) o H* = (inj 



!x(R 1 l 1 xJW) 



H o inj 



K 1 x (R 1 x.A/1) 



= F. 



{0}x(R 1 \ 1 xM) 

Then by the unicity of integral curves we have H = G. 



')* oH* oX (22) 
(23) 



[Dl|l rrpl I 1 

Equation (|23|) holds true since ^ o inj | j xR i|i = id R i|i . 



Defining D := D + D\ = d tl + d Tl + Ti(ad tl + bd Tl ) and writing inj | ti for 

inj ^ x ^i^ an d using right invariance of D, we arrive at equation (2 
follows 

( m .) Rx(R^xM) ) °( d ti +9 Tl )oH* 

= (m]\ tl )*oDoH* 

= (inj |ti )*o((( J D®id* 1|1 )o/x*)xidX,)oF* 

= (inj |ti ro((^ofl)xid^)oF* 

= (inj , tl )*o(^ xid* M )oF*oX 

= (inj lti )*oH*oX. 

Thus we obtain that (i) implies (ii). 

Assume now that (ii) is satisfied, i.e., there exists a Lie supergroup structure 
on R 1 ' 1 with multiplication fi such that 



F o (id R i|i xF)=fo(/ix id/^)- 



(24) 



Since F is a flow for X, with initial condition <fi — idx, the LHS of the preceding 
equality is a flow for X with initial condition <\> = F, ([24l implies 



(inj |ti )* o (d tl +d Tl )o ( M * x id^) o F* = (inj |ti )* ° (/** x id^) o F* o X. (25) 
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By Equation (20 1, the RHS gives for t x = 0: 



(inj M ro(^xid;)oF*oI 



F* o X 



= (inj * )*o(d t + d T )oF* 
f" { [X U X ] + ^[XuXt]) +d T od t oF* 



Moreover, we have by direct comparison 

(9^ + ^)0^ = (d tl +d Tl )(fi*(t))-(^ od t ) 

+(d tl +d Tl )(fi*(r))-(fx*od T ). 
Thus, if fi : R 1 ! 1 x IR 1 ! 1 ->■ R 1 ! 1 is given by 

H*(t) = fi{ti,t 2 ) + a(ti,t 2 )TiT 2 



jiii^ipiii. 



and upon using (inj j^^ni )* ° = id^m, we have 



(inj 



R 1 ' 1 X R 1 ' 1 ■ 
{0}xR 1 l 



, )*{d tl +d Tl )ofi* 



+ (P(o,t) + (a tl i)(o,t)T)>a T . 



Using again (19 1, we have 



d t oF* 



(inj ^ )*oF* oX + T-d T od t oF* and 



d T o F* = (inj Jf 1 )* of 0X1. 



Then the LHS of (|25J at h = is 

(inj | tl=0 )* o (d tl +d Tl )o (// x id* M ) o F* 
= (9 tl M)(0,t)-(inj froFMo 
+0(0, t). (inj ffofo^ 

+ T- ((d tl JlMt)-d T od t oF* 

+a(0,t) ■ F* oX 

+ (d tll )(0,t)-F*oX 1 ). 



Using the obtain identities for its LHS and RHS, the "r-part" of Equation (251 
at ti = gives us: 



F* ^[X 1) X ] + ^[X l ,X 1 ]j +d T od t oF* 
= t ■ [{d tl Jl)(0, t) ■ d T o d t o F* + a(0, t) • F* o X + (d Hl )(0, t) ■ F* o X x 
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Since ju(ti, 0) = ti, we have (9 tl /i)(0, 0) = 1 and therefore the preceding equation 
evaluated at f = yields 

[X U X ] + ^[X 1 ,X 1 ] = (d tl j)(0,0)-X 1 +a(0,0)-X 

finishing the proof that (ii) implies (in). □ 

4 Examples and applications 

(4.1) If X = Xo is an even vector field, the fact that it integrates to a (local) 
action of R = R 1 ' is almost folkloristic. The relatively recent proof of [3] - in 
the case of compact supermanifolds - is close to our approach. A non-trivial 
(local) action of R 1 ' can obviously be extended to a (local) action of (R 1 ' 1 , /i a ,b) 
if and only if a — 0. Of course, the ensueing action of R 1 ' 1 will not even be 
almost-effective, since the positive-dimensional sub Lie supergroup R ' 1 acts 
trivially. 

(4.2) Our preferred example of an even vector field gives rise to the exponential 
map on Lie supergroups. 

Let us first recall that an even vector field X on a supermanifold M. corresponds 
to a section ax of the tangent bundle TA4 — > M. (see, e.g., Sections 7 and 8 of 
|15j for a construction of TM and a proof of this statement, and compare also 
the remark after Thm. 2.19 in [S]). Given an auxiliary supermanifold S and a 
morphism ip : S M., one calls for i G {0, 1} 

Bei40 M (M),O s (S)) t := 

{D : O m (M) O s (S)\D is R-linear and Vf,g G O m (M) homogeneous, 

d(j ■ g) = D(f) ■ r(g) + {-ir m ru) ■ d( 9 )}, 

the "space of derivations of parity i along -0" . In category-theoretical terms the 
tangent bundle TA4 represents then the functor from supermanifolds to sets 
given by S h-> {(i/j,D)\ip G Mor(5,A^) and D G Ber^(0 M (M), O s (S)) } (com- 
pare, e.g., Section 3 of [6]). 

Let now Q = (G,Og) be a Lie supergroup with multiplication [i—yP and neu- 
tral element e. We define X in Der (Og X T e g(G x T e G)) to be the even vector 
field on Q x T e Q corresponding to the following section ax of TQ x T(T e Q) = 
T(g x T e g) -> g x T e g. We denote the zero-section of Tg — > g by a and the 
canonical inclusion T e g — > Tg by i e . Then ax '■= (Tfx o (<t x i e ),0), where 
T/i : TC/ x Tg = T(g X g) — > is the tangential morphism associated to 
the multiplication morphism. (For simplicity, we write for the zero-section of 
T(T e g) -> T e g here and in the sequel.) 
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We observe that the derivation X corresponding to the section ax can also be 
described as follows. Recall first that we have a canonical map 

Q g (G) O tq (TG), 

since sections in Qg (G) can be canonically identified with superfunctions on TQ 
that are "linear in the fibre directions". Using the inclusion map i e : T e Q — > TQ, 
the composition i* o x is a 0g(G)-linear morphism form ilg(G) to OT e g{T e G). 
Here the latter vector space is equipped with the structure of a Og (G)-module 
via the morphism 7r e = tt o i e : T e Q — > £7 where 7r : TC7 — ^ C/ is the canonical pro- 
jection. Observe that the space Hom 0c ,( G ) (f2g(G), C>T e g(T e G)) is isomorphic 
to Der^ e (Og(G), OT c g(T e G)), the space of derivations along ir e . We denote by 
Y the derivation along n e corresponding to the morphism i* o ^. The derivation 
X defined above via the section ax is then described as the even vector field in 
Der(O gxTcg (G x T e G)) such that 

X(f) =0, V/ G Tc g(T e G) C Og xTe g(G x T e G), and 
*(/) - (id e ® F) o V/ G O e (G) c OgxT c e(G x T e G). 

Let us now recall that for S an arbitrary supermanifold, and <j) : M. — > M a 
morphism between supermanifolds, we have an induced map 4>{S) : Ai{S) = 
Mov(S,M) — !• Mor(<S,A0 =J\f(S), (j)(S)(ip) := </>o^. Given a finite-dimensional 
Lie superalgebra g or a Lie supergroup G, one easily checks that for all k > 0, 
g(R°l fe ) resp. 5(R°I' C ) is a finite-dimensional classical (i.e. even) Lie algebra resp. 
Lie group. Furthermore, T e (g(R°\ k )) is canonically isomorphic to (T e £)([R l fe ), 
where the first e is the obvious constant morphism from R°' k to Q and the second 
e denotes the neutral element of Q . (Compare, e.g., |16j for more information 
on the superpoint approach to Lie supergroups.) 

Lemma 4.1. Let Q be a Lie supergroup with multiplication pP , and the vector 
field X as above. Then 

(i) the induced vector field X on the underlying manifold G x T e G is given as 

X {g ^ = ^ L (g),0) V( S ,e)eGxT e G, 

(ii) the (even) vector fields X and X are complete. 

Proof, (i) Fork > 0, \eta x (R° lk ) be the section of T(g(R°\ k )) xT(T e £(R°l fc )) ->■ 
Q(R°\ k ) x X" e Cf(IR l fc ) induced by ax, and let X k be the corresponding derivation 
on G(R°\ k ) x T e G(R°\ k ). Since ^(R ^) x (T e G)(R°\ k ) is an ungraded manifold, 

^(R 0|fc X.9,£) = (T/ t »o( ff0 xi e )o( 9 x0 1 0) 
= (T/xSo(0 g x£),0) 

= ((T^( R ° |fe ) )(9ie) ( 0! O,0) 

= {(Tir oi \(o,o) , 
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where /i e ( R0|fc ) is the multiplication on C?(R°' fe ) and lg^ R ^ is the left-multiplication 
by the element g of the group £/(R°l fe ). We conclude that CTx(R°' fe )(ff, ( or 
equivalently X£ corresponds to (£ L (g), 0), where £ L is the unique left-invariant 
vector field on Q(R°\ k ) such that its value in e is £. (Observe that (DR°l fe ) is a 
classical Lie group and not only a group object in the category of supermani- 
folds, allowing us to argue "point- wise" .) 

(ii) The flows of X k are simply given by F x " : R x g(R°l fe ) x (T e £)(R°l fe ) -> 
£(R°l fe ) x (T e g)(R°l fe ), i-> (g ■ eap^K 01 *) (<£),£). All fields X fc are thus 

complete, in particular thi s ho lds for X = X°, the induced vector field on 



G = e(R°l°). By Theorem 2.3 the flow F x : R x x T e Q -> </ x T e £ is then 



global as well, i.e. X is complete. □ 



Definition 4.2. Let £ = (G,Og) be a Lie supergroup with multiplication \i 
and neutral element e, and with the even vector field X and its flow morphism 
F = F x as above. Then the "exponential morphism of Q" is given by exp^ = 
proj 1 oFo wiinixf^xT g : ^eG G, where proj 1 : G x T e G — >• G is the projection 
on the first factor. Diagrammatically , one has 

R x G x T e G D {1} x {e} x T e G — a x T e £ 

r e £ > g. 

exp y 

Theorem 4.3. The exponential morphism exp s : T e G — > G for a Lie supergroup 
G fulfills and is uniquely determined by the following condition: for all k > 0, 
exp g (R°\ k ) : T e ^(R°l fe ) -> £(R°l fe ) is the exponential map exp 91 ^^ of the finite- 
dimensional, ungraded Lie group CJ(R°' fc ). 



Proof. Using the notations of Lemma |4.1| a straightforward calculation shows 
that the flow F x " of X k on (G x T e G)(R° lk ) is given as follows (t, (#,£)) ^ 
F x o inj t o (g x £) and, notably, we have F x o hxbj e \ (£) = F x o inj-L o (e X £) = 
F x o injn e ) o £. Hence 

exp^ m ){t) = proj 1 oF^ fc oinj (l!e) (C) 
= Projx o F x o inj (l e) o £ 
= exp e o £ 
= (exp e )(R l fe )(£). 

On the other hand, it is clear that the subcategory of superpoints with objects 
{R°l fe |fe > 0} generates the category of supermanifolds in the following sense: 
given two different morphisms <p\ , 4>2 '■ M — > N between supermanifolds, there 
exists a k > and a morphism ip : R°l fe — > Ai such that <pi o tp ^ </> 2 ° V 7 - Thus 
it follows that the family {exp 9 (R°\ k )\k > 0} uniquely fixes exp Q . □ 
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(4.3) Part of our interest in the integration of supervector fields stemmed from 
the construction of a geodesic flow in [5] . Given a homogeneous (i.e., even or 
odd) Riemannian metric on a supermanifold M, the associated geodesic flow 
is, in fact, defined as the flow of an appropriate Hamiltonian vector field on its 
(co-)tangent bundle. 

(4.4) An odd vector field X\ on a supermanifold Ai is called "homological" 
if Xi o X\ — h\X\,X\\ — 0. Its flow is given by the following IR°l 1 -action 
$ : R ' 1 x M -> M, $*(/) = / + t • Xi(/ ), V/ € Ojw(M). This action can, of 
course, be extended to a (not almost-effective) (R 1 ' 1 , /i a .b)-action if and only if 
6 = 0. 

Typical examples arise as follows: let E — > M be a vector bundle over a classical 
manifold and T be an "appropriate" R-linear operator on sections of AE* , then 
T yields a vector field on HE ;= (M,T™ E *), the supermanifold associated to 
E M by the Batchelor construction. If E = TM -> M, we have T^ E , = 
ft*j(M), the sheaf of differential forms on M, with its natural Z/2Z-grading. 
Taking T = d, we get an odd vector field that is obviously homological. Taking 
T = £.£, the contraction of differential forms with a vector field £ on the (here 
classical) base manifold M, we again get a homological vector field on HTM. 
Since t£ o l v + i™ o = 0, the vector space of all vector fields on M is realized as 
a commutative, purely odd sub Lie superalgebra of all vector fields on HTM. 
More generally, a section s of E — > M always gives rise to a contraction l s : 
(M) —> r^ B , (M) that is an odd derivation (i.e. an anti-derivation of degree 
-1 in more classical language). Furthermore, given two sections s and t of E, 
the associated odd vector fields commute. In the article [T] this construction 
is studied in the special case that E is the spinor bundle over a classical spin 
manifold M. 

(4.5) If G is a Lie group acting on a classical manifold M, then the action 
can of course be lifted to an action on the total space of the tangent and the 
cotangent bundle of M. The induced vector fields on DTM are even and £ 
in g = Lie(G), the Lie algebra of G, acts on Ojjtm by C^, the Lie derivative 
with respect to the fundamental vector field on M associated to £. Putting 
together these fields and the contractions constructed in Example (4j4]), we get 
a Lie superalgebra with underlying vector space © 0, the first resp. second 
summand being the even resp. odd part. The commutators in are given 
as follows: = C\£ iV ], = and [C^,l v ] — l^ v ] for all £,77 € q. In 
fact, the above can be interpreted as an action of the Lie supergroup ILTG on 
HTM. 

The Lie algebra © can be extended by a one-dimensional odd direction 
generated by the exterior derivative d. The extended algebra g © (g © R ■ d) , still 
a sub Lie superalgebra of 7txtm(M), has the following additional commutators: 

d] = and [d, = £^ for all £ G 0. 

(4.6) If M. = R 1 ' 1 with coordinates (x, £), the vector field X\ = c\ + ^d x is ob- 
viously odd and non- homological since X\ o X\ = d x . Direct inspection shows 
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that the map $ : R ' 1 x M -> M, $* (/) = f + r-X^f) (compare Example (4|TJ)) 
does not fulfill 9 T o $* = $* o _X"i. Nevertheless, the trivial extension of <E> to a 



morphism F : R 1 ' 1 x M. — > is the flow of Xi in the sense of Theorem 2.3 ful- 
filling the initial condition 4> = id^vi • We underline that this map is not an action 
of R 1 ! 1 . Upon extending X 1 to X := X Q + X l with X Q := \ [X U X X ] =X x oX u 



we obtain by Theorem 3.4 an action of (IR 1 ' 1 , /i-i.o) as the flow map of X. Let 
us observe that the above vector field X\ (and not X) is the prototype of what 
is called a "supersymmetry" in the physics literature (compare, e.g., [3T] and 
the other relevant texts in these volumes.). More recently, the associated Lie 
supergroup structure on R 1 ' 1 (and an analogous structure on R 2 ' 1 ) were intro- 
duced by S. Stolz and P. Teichner into their program to geometrize the cocycles 
of elliptic cohomology (compare [7] and [TS] ) ■ 

Obviously, one can generalize this construction to R m l" (m,n > 1) with co- 
ordinates (x\, . . . , x m , £i, . . . , £„) by setting for 1 < k < m, 1 < a < n 

D a ,k '■— d^ a + £ a ■ d Xk . 

We then have [D a>k ,Dpj\ = 5 at/3 ■ (d Xk + d X[ ) and [D a>k ,d Xl ] = 0. Taking 
Xi = D a j~ and Xq — d Xk we reproduce a copy of the preceding situation. 

(4.7) The vector field X = X a + X x on M = R 111 with X = d x + f • 9 € 
and X\ — + ^ ■ d x , already mentioned in the introduction, is a very simple 
example of an inhomogeneous vector field not generating any local R 1 ' 1 -action, 
since, e.g., condition (iii) in Theorem 3.4 is violated. Thus integration of X 



is only possible in the sense of Theorem 2.3[ i.e. upon using the evaluation 
map. Let us observe that the sub Lie superalgebra g of Tm(M) generated by 
X, i.e. by Xq and X\ since sub Lie superalgebras are by definition graded sub 
vector spaces, is four-dimensional with two even generators Z, W and two odd 
generators D, Q such that: Z is central, [W, D] = Q, [W, Q] = D, D 2 = Q 2 = Z 
and [D, Q] = 0. (This amounts in physical interpretation to the presence of two 
commuting supersymmetries D and Q, generating the same supersymmetric 
Hamiltonian Z plus an even symmetry commuting with the Hamiltonian and 
exchanging the supersymmetries D and Q.) 



5 Flow of a holomorphic vector field on a holo- 
morphic super manifold 

In this section we extend our results to the holomorphic case. We will always 
denote the canonical coordinates on C 1 ' 1 by z and £ and write d z resp. 8q for 

m res P- m- 

Definition 5.1. Let Ai = (M,Om) be a holomorphic supermanifold and X a 
holomorphic vector field on M and S a supermanifold with a morphism (j) € 
Mor(S,A4) and Zq in C. 
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(1) A "flow for X ( with initial condition 4> and with respect to zq ) " is an open 
sub supermanifold V C C 1 ' 1 x S, such that {zq\ x S C V (S and V the 
bodies of S and V) and such that for all s in S, (C x {s}) HV is connected, 
together with a morphism of holomorphic supermanifolds F : V — > M. such 
that 



Sometimes we call the supermanifold V (or abusively its body V ) the "flow 
domain" of X . 

(2) A flow domain V of a flow (V,F) for X is called "fibrewise 1-connected 
(relative to the projection V — >■ S)" (or "fibrewise 1-connected over S") if 
for all s in S , (C x {s}) n V is connected and simply connected. 

Remark. We avoid the term "complex supermanifold" here, since it is often 
used to describe supermanifolds that are, as ringed spaces, locally isomorphic 
to open sets D C R k with structure sheaf <E)r AC'. "Holomorphic supermani- 
folds" are of course locally isomorphic to open sets D C C fe with structure sheaf 
Ob ®z AC , where Od denotes the sheaf of holomorphic functions on D. 

Let us first give the holomorphic analogue of Lemma |2.1| 

Lemma 5.2. Let U C C'"'" and W C C p ' 9 be superdomains, X a holomorphic 
vector field on W (not necessarily homogeneous), <f> in Mor(lA,W) and z in C. 
Then 

(i) it exists a holomorphic flow (V, F) for the reduced holomorphic vector field 
X on U with initial condition <fi and with respect to Zq such that the flow 
domain V C C x U is fibrewise 1-connected over U . Furthermore on every 
flow domain in the sense of Definition \5.i\ the holomorphic flow is unique. 

(ii) Let now (V, F) be a fibrewise 1-connected flow domain for X over U . Then 
there exists a unique holomorphic flow F : V — > W for X , with V the open 
sub supermanifold o/C 1 ' 1 x U with body equal to V. 

Remark. The example of the holomorphic vector field X — (w 2 + w 3 ^^)^ 
on W = C 1 ' 2 with coordinates (w,^,^) shows that the condition of fibrewise 
1-connectivity of V is not only a technical assumption to our proof. The under- 
lying vector field X = w 2 ^ on C, with initial condition = id : C — > C with 
respect to zq — 0, can be integrated to the flow F : V = C 2 \{z • w = 1} — > C, 
F(z, w) = Ypt^z for w and F(z, 0) = 0. Obviously, for w ^ 0, (C x {w})nV 
is connected, but not simply connected. Direct inspection now shows that the 
flow F of X with initial condition <\> = id and with respect to zq = cannot be 
defined on the whole of V = (V, O c ni xC i\2 |y). 



(m^ 1|1 )*o(a 2 + a c )o^ 

Foin j\z }xS 



iinj g j'of'ol and 
</>. 
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Proof of Lemma 5.2, (i) The existence (and the stated unicity property) of 
a flow (V, F) for X, with {z } x U C V C C x U fulfilling the initial condition 
<fi with respect to z E C is of course a classical application of the existence of 
solutions of holomorphic ordinary differential equations (see, e.g., [5]). Upon re- 
ducing the size of V we always find flow domains that are fibrewise 1-connected. 



(ii) The induction procedure of the proof of Lemma 2.1 can be applied here 
upon recalling the following standard facts from the theory of holomorphic lin- 
ear ordinary differential equations (compare, e.g., [5]): 

Fact 1. Let Q C C be open and 1-connected (i.e. connected and simply con- 
nected), and z e ft. If A : Q ->• Mat(N x N, C) and b : D, -> are holomor- 
phic and ipo £ C N , then there exists a unique holomorphic map ip : — > C N 
fulfilling 

^(z) = A(z)i>(z) + b(z) 

such that ip( z o) — V-'o- 

Fact 2. Let fi and Zq be as in Fact 1, and let P be a holomorphic manifold ("a 
parameter space"), and let A: fix P Mat(N x N, C), b : fl x P ->• C N , as well 
as ipo : P —> C N be holomorphic maps. Then there exists a unique holomorphic 
map tp : fl x P — > C N fulfilling 

d 

-7^ip(z, x) = A(z, x)i(j(z, x) + b(z, x) 
oz 

such that ?p(zo, x) = V^o^)? G P. 

Obviously, to apply these facts in our context, we need the fibrewise 1-connectivity 
of the "underlying flow domain" V for X. □ 

Before stating and proving our central result in the holomorphic case, we give 
the following useful shorthand. 

Definition 5.3. LetS be a supermanifold, zq in C andAf c C^xS be an open 
sub supermanifold containing {zq} x S. Then Af z ° is defined as the open sub su- 
permanifold of M = (N,0_\f) whose body equals II ((C x {s}) n N) s \ where 

((C x {s}) n N) °' is the connected component of (C x {s}) n N containing 
0*o, s). 



Remark. A flow domain V in the sense of Definition 5.1 1) is always open 
and contains {20} x <->• Furthermore for all s in S the section (C x {s}) n 
V is connected. The preceding definition will in fact be useful for discussing 
intersections of flow domains in the next theorem. 

Theorem 5.4. Let Ai be a holomorphic supermanifold and X a holomorphic 
vector field on M, and let S be a holomorphic supermanifold with a holomorphic 
morphism if) : S — > M, and zq £ C. Then 
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(i) there exists a flow (V,F) for the reduced vector field X with initial condi- 
tion cj) with respect to Zq such that the flow domain V C C x S is fibrewise 
1-connected over S , 

(ii) if (V,F) is as in (i), then there exists a unique flow for X with initial 
condition <j> with respect to zq, F : V — > M, where V C C 1 ' 1 x S is the 
open sub supermanifold with body V , 

(Hi) if (Vi,-Fi) and (V2,F 2 ) are t w ° flows for X, both with initial condition <f> 
with respect to Zq, then F\ — F2 on the flow domain (Vx fl V2Y , 

(iv) there exists maximal flow domains for X and the germs of their flows 
coincide on {zq} x S. 



Proof, (i) and (ii). It easily follows from Lemma 5.2 that S can be covered by 
open sub supermanifolds {U a \a € A] such that X\u<* has a holomorphic flow 
with initial condition §\ Ua with respect to z , F a : V a = A ra (z ) x C ' 1 xW" — > 
Ai, where r a > 0, and for r > 0, A r (z ) is the open disc of ra dius r centred in 
zq. Since F a — F@ on V a fl V 3 by the unicity part of Lemma 5.2 we can glue 



these flows to obtain C 1 ! 1 x S D V := U V" — > M, a flow for X on M with 

initial condition <f> with respect to z . Obviously, the "fibres" (C x {s}) n V are 
f-connected for all s in S, i.e., the flow domain V is fibrewise 1-connected over 
5. 

Note that if we have a flow F for the reduced vector field X on a flow domain 



V that is fibrewise 1-connected over S, then part (ii) of Lemma 5.2 yields a flow 
for X defined on V = (V, C» C i|i xS |y). 

(iii) The body of (Vi fl V^) 20 has as a strong deformation retract the body of 
{zq} x S. Without loss of generality we can assume that S and thus (Vi fl V2Y 



are connected. The local unicity in Lemma 5.2 together with the identity 
principle for holomorphic morphisms of holomorphic supermanifolds imply that 
Fi = F 2 on (Vx n V 2 ) Z0 - 

(iv) By Zorn's lemma we get maximal flow domains and by part (iii) the corre- 
sponding flows coincide near {zq} x S. □ 

Remarks. (1) The non-unicity of maximal flow domains for holomorphic vec- 
tor fields is a well-known phenomenon already in the ungraded case. A simple 
example for this is the vector field X on C* such that X(w) = — for all w in 

1 \ / w aw 



(2) Given the above theorem, the analogues of Lemma 3.1 Proposition 3.3 and 
Theorem |3.4| can now without difficulty be proven to hold for holomorphic su- 
permanifolds. 
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